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o Three matrix analogs of Py [Adler & Sokolov, 2021]

» Painlevé—Kovalevskaya test
» reductions of non-Abelian NLS, mKdV-1 and mKdV-2

o Reductions of non-Abelian Volterra lattices [Adler, 2020]
> higher symmetry + scaling — P4
» master-symmetry — P3
> master-symmetry + scaling — Ps

e Non-Abelian (2+1)-Toda lattice [Adler & Kolesnikov, in preparation]

2-periodic reduction and sine-Gordon

separation of variables: dressing chain + Volterra type lattice
Maxwell-Bloch system with pumping

self-similar reductions to P3
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Introduction

Non-Abelian analogs are known for all equations P1—Pg, but their
classification is far from complete.

Some obvious difficulties:
o for a given scalar equation, several analogs may exist with different
structure of terms;
@ equations may contain additional parameters, possibly non-Abelian;
o lowering of order by integration may be not possible;

@ a coupled system of two first order equations may be not equivalent to a
second order equation.

We demonstrate by several examples that these effects are quite common for
non-Abelian Painlevé equations.
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Three non-Abelian versions of P,

The following equations pass the Painlevé—Kovalevskaya test:

Y =20 +zy+by+yb+a, P9
v = £,y 1+ 2% + 2y +a, P}
y' =220y, +20° + 2y + by +yb+a, [b,a] = +2b, P3

where y = y(2), a, b € A (free associative algebra or square matrices of any
size) and z,a € C.

PY with b = 0: [Balandin & Sokolov 1998]
PY with b # 0: [Retakh & Rubtsov 2010]
Pl, PZ: [Adler & Sokolov 2021] by applying the PK test to the family

v =kly, Y|+ 2% F 2y + by +yby +a, abi,bec A kEC. (1)
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However, we cannot guarantee that the obtained list is exhaustive. For
instance, even the linear term can be generalized in many ways:

2y = 2y + biycr + bayca + -+ bpycn, by, ¢ € A,

not saying about the terms of higher degrees. It is hardly possible to analyse
all such generalizations. In principle, there may exist some another integrable
case beyond the (1) family.

The PK test becomes much more complicated compared to the scalar case (in
addition to increase of the number of terms, we have to analyse the block
structure of the matrices). Nevertheless, it remains rather effective if we
restrict ourselves to some reasonable family of equations.

For instance, a large family of P4 analogs was classified recently by Bobrova
& Sokolov, with even more rich answer than for Ps.

Another way to obtain new examples is by group-invariant reductions from
integrable non-Abelian PDEs.
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Remark: the mirror transformation

It is worth noticing that, according to the PK test, the parameter  in (1) is
quantized, taking the values 0, +1, £+2.

On the other hand, there exist a transformation which changes it arbitrarily,
in the case of equations which are invariant under the group

y—cyct, c€A

(this means that all parameters should be scalar; we call such equations
G L-invariant).

Proposition [Golubchik & Sokolov 1997]

Let k € C, k # 0, then the general solutions of G L-invariant equations

y'=xlyy]+ f(zyy) and  §'=f(2,9,9)
are related by the transformation

Ky = w'w ™, Ky =w tw.
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Proof:

1

y=w yw, §=w Y w+ [g,w v = vy w,
7" =w o+ [f '] =0T g,y 2)w + k[T 9]
and we only have to use the G L-invariance property. O

Moreover, this transform admits a prolongation to the isomonodromic Lax
pairs. Let the equation for y be equivalent to the compatibility condition

U =AU, VW =BU = A =B +[B,A],

where A and B are rational with respect to ¥, and z, with scalar
coefficients. Then the equation for gy also has the Lax pair, with

U=wl, A=w'Aw, B=w'Bw-w v =w 'Bw- KY.
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For example, the equation
1

y' =kly, Y1 +20° + 2y +a, kaeC
admits, for any r, the Lax pair A" = B¢ + [B, A] with

B ¢+ Ky y = 4+ 2%+ 2 4y -2y — /¢
T\ y omy—¢) T A+ 2 -/ AR -2y — 2

(the scalars ¢, z and «/¢ are understood as multiples of 1 € A).

Thus, the isomonodromic Lax pair does not guarantees the Painlevé property.

How to solve the equation

y' =1y
(which is just y” = 0 in the commutative case)? Prove that the general
solution is y = w™lw’, where w’ = (za + b)w, a,b € A. But, is it possible to
solve this linear equation for w explicitly?
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Self-similar reductions of mKdV-1 and mKdV-2

mKdV-1 [Marchenko 1986]:
U = Ugze — 3UAUy — Bupu® = (Dy — ad u) (Ugy + [u, uz] — 2u®)
mKdV-2 [Khalilov & Khruslov 1990]

Uy = Ugge + 3[U, Upe] — butu — 3(uy +u?)e — 3c(uy — u?)

= (Dy + ad ) (ugy + 2[u, uy] — 2u® — 3cu — 3uc), ce A

In mKdV-2, the constant c is related with the Miura map constructed by a
1-function corresponding to the non-Abelian value of spectral parameter:

u = 7/}711/}:27 Yoz = VY — e

For mKdV-1, the similar chnage u = 1,4 ~! is possible only for scalar c.
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Self-similar reduction:
u = sTelog(T)dy(z)e_ log(T)d, T= t_1/3, z = eTX,
where 3¢3 = —1 and d € A. For mKdV-2, we additionally assume
¢ = (er)?ele(Mdege1o8(Md 900 4 [d cg] =0, coe A

which implies that ¢ remains independent of 7.

Then
d
mKdV-1 — (5 - ady) (' — [y, 9] — 2¢° — 2y +d) =0,
d
mKdvV-2 — (@ + ad y) (v +2[y,y'] — 2y> — 2y — 3cy — 3yc + d) = 0.

In contrast to the scalar case, no first integrals exist, even for d = ¢ = 0.
However, since these equations are of the form

J = +ly, J],

the lowering of order is possible due to the partial first integral J =~ € C,
which defines an invariant sub-manifold in the solution space.
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Reductions of non-Abelian Volterra lattices
Two integrable non-Abelian versions of the Volterra lattice:

VL! Up.gp = Upt1Up — UpUp_1 [Wadati 1980; Salle 1982]

s

VL2 Up,g = Up 1 Up — Uply, [Adler 2020]

) n—1

Here T denotes the matrix transpose or a linear map A — A with the
property (ab)* = b*a".

VL! and VL? are related by some implicit transformation similar to the
mirror map between mKdV-1 and mKdV-2.

o Instead of self-similar reductions, we obtain Painlevé-type equations as
stationary equations for non-autonomous symmetries.

o The shift n — n + 1 provides Backlund transformations which, in turn
are equivalent to discrete Painlevé equations.

e Non-abelian constants can be introduced by adding classical symmetry
Un,r = [a,up], but, for simplicity, we restrist ourselves with G L-invariant
equations.
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Symmetries and constraints

Like for KdV, there exists an infinite algebra of flows:
[atiaatj] = O? [87'1'78tj] :jatj+¢,17 [aﬂva‘rj] = (.] _i>87j+i717
We only use symmetries that involve u, 4, with |k < 2.
¢ the lattice itself 0y, = O
¢ the simplest higher symmetry
VL!: Un bty = (Unt+2Unt1 + uiﬂ + Upg1Un, ) Un,
— U (UnUp—1 + UZ_q + Un—1Un—2),

VL?: Un,ty = (UTTL+1Un+2 + (UTTL+1)2 + Unufwl)un

— Un(Up_qUn + (usz—l)Q + Up—2Up_1);
¢ the classical scaling symmetry

Un,ry = Un;
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¢ the master-symmetry (nonlocal for VL!, local for VL?)

VL' : Up ry = (n + %)unﬂun +u? — (n — %)unun,l + [$n, Un],

Sp — Sp—1 = Un,

VL. wup,, = (n+ 2)urup +ul — (n— Huul_,.

Any linear combination of derivations
O = (204, + Ory) + p2(20y + O7,) + 130p, + 1140y
commute with d,. Therefore, the stationary equation
Ot(uy) =0

is a constraint consistent with the lattice.
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Up to equivalence transformations, there are three different cases which lead
to non-Abelian Painlevé equations:

2($81 + 3T1) +8t2 =0 — dP;+Py
x@tz + 37—2 +,U(I8;B + 3—,—1) +l/a£ =0 — dP34 + P5
204, + Or, 4v9, =0 — dPs3s+P3

o In all cases, we start from some 5-point OAE

fn(un—Q; Upn—1, Un, Un+1, Un42; Ty [, V) =0.

o It admits a reduction of order due to partial first integrals; the final
result is a 3-point discrete Painlevé equation

gn(unflaunaunJrl;xa:u, 1/76,5) =0.

with additional constants ¢, € C.

o The z-dynamics is reduced to an ODE system for (uy, un41) which is
equivalent to a continuous Painlevé equation.

Painlevé type reductions cqQisizoz1 1481



Scaling reduction: 9, +2(z0, +9,) =0 — dP;+ P,

1 2 2
VL' : (UngoUnt1 +Us 1 + Unp1Un)Un — Un (UnUn—1 + U1 + Up—1Up—2)
+

+ 22 (Upg1 Uy — UpUp—1) + 2u, =0,
VL?: (up, n+1Un+2 + (u n+1) + unu,TH_l)un - un(“%—lun + (“2—1)2 + un—2U7TL—1)
+ 2 (Up | U — Uty _q) + 2uy, = 0.

This can be represented as F,11un — unFp_1 = 0.

The equality F,, = 0 is a partial first integral, consistent with 0, due to the
identities

Foz= Fns1 — Fo)un +un(Fy — F_q) for VL,
Foo=(Fyp + Fo)un —un(Fp + F,_y) for VL2
This gives two analogs of dPj:
Up 41Uy + ui + uptp—1 + 2xuy + v, =0, dpPi
UP Uy + U+ Uty + 23Uy, + Y = 0, dp?
where v, :=n — v+ (—1)"e.
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The continuous part of dynamics is governed by Py for y = u,:

1, - 3 _ »
Y= Syy Ty iy —y Ty Sy ey’ + 20 —a)y - 2% P

where

3
a:%l,l—’%"-l-l, 7:7?”7 /431:5 and I€2:—§.

¢ In the scalar case, this reduction was introduced in [Its, Kitaev & Fokas
1990].

¢ Another non-Abelian version of dP; was studied in [Cassatella-Contra,
Manas & Tempesta 2012, 2018]:

Un4-1 + Up + Up—1 + 2x + ’Ynu;l =0.

¢ More general versions of P4 were found recently by Bobrova & Sokolov.
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Master-symmetry reduction:
0y + Ory + (20, + 0r) + 0, =0 — dP3y + P5 or Pj

The first step is easy (like in the previous case). It brings to 4-point equations
VL!: (Upt2Unt1 + uiﬂ —u? —upty_1) — 2ur —n+v— %)unﬂ
+ Qur—n+v+ %)u” —p+2(-1)" =0,
VL : x(u7Tz+1un+2 + (UrTL+1)2 —up — Un%Tz—l) - (2uz—n+v-— %)U;FLH
+ 2uz —n+v+ Hu, — p+2(-1)" =0,
where € € C is an integration constant. To obtain Painlevé equations, we
need additional partial first integral.
In the scalar case, the above equation admits the integrating factor

TUpt1 + U, +0 —V + % which brings to dPsy:

_ 495”2’21 +2(—D)"ez, + 6
Zn — N+ VvV

(zn41+ 2n)(2n + 2n—1) . Zp = 27U, +n— v
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Non-Abelian analogs of dP34 are obtained as partial first integrals from the
quasi-determinants of the Lax matrices.

For 1 # 0:
(2n-1+ 20)(zn + (=1)"0 +w) " (2n + 2n41)
=dpx(z, —n+v) e+ (—1)"0 —w), dpi,
(zn—1+ 2n)(zn + (=1)"(0 — w)) ™ (2 + 25 41)
= dpa(zn —n+v) "z + (-1)"(0 +w)) dP3,

(where 0 = ¢/, w € C).

For = 0:
(Znt1 + 2n)(2n —n+ V) (2n + 2n—1) = 42(2e2, +0), n =2k, 4Bl
(zn + 2n—1)(Znt+1 + 2n) (20 —n+v) = da(—2e2, +9), n=2k+1, 3
(2501 + 20) (20 — 1+ V) (20 + 25_1) = dw(2(~1)"ez, +0).  dP},
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These discrete equations are consistent with the flow 9, which turns into

ODE SyStemS for (qvp) = (va zZn + ZnJrl) or (va Zn + Z;I7:+1)'

Analogs of Pj:

dPl N { QxQx :p(q_n+y)_4MI(Q+a)p71(Q+ﬂ)a Pl
o 2ap, = pg +qp+p —p* + dpz(p — 2¢ — a — B), ¥
dP2 N { 2$Qw :p(qfnJrl/)*4,u1:(q+oz)p71(q+ﬂ), P2
34 2ep, = 2pq + p — p* + 4px(p — 29 — a — ) °
(in the scalar case, Pj is satisfied by y = 1 — 4uxp~1).
Analogs of Pj3:
~ 22q, = p(q —n +v) —dxp~t(2eq + 9),
1 1
W= { 2wp, = pq+qp+p —p* — 8ex, (evenn) Ps
~ 22q, = p(q —n+v) — dap=1(2(=1)"eq + 6),
2 2
Pa = { 2ap, = 2pq +p —p® — 8(—1)"ex ik
(in the scalar case, Pj3 is satisfied by y = p/(2¢), » = £2).
v
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Non-Abelian (2+1)-Toda lattice

e Polynomial form [Salle, 1982]

fn,y:pn_anrl, pn,z:fnpn_pnfnflv fnvanA

o Rational form (p, = —gn9, 1, fn = gn.g; ") [Mikhailov, 1981]

(9n29n )y = Gnt19n " — 9ngnts
e Scalar lattice (g, = e“~) [Mikhailov, 1979]

u —u Uy — Uy —
Un7wy:e"+1 n _ gUn—Un—1

Reductions to Painlevé equations include two steps:

; self-similar
(2) - constraimt _ (141)-equation —>f , P,
reduction

This gives one more version of P3, slightly different from P}, P2 (no
classification results for P35 are known).
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Our plan in more details:

/ AN
/ \\
7 constraint  ~ .
/ N negative
- mKdV
Maxwell-Bloch real MB with
pumping

self-similar reduction
P3 (0[7 ﬁv v, 6)

Moreover:

¢ the map n +— n + 1 defines Backlund transformations for the reduced
equations

¢ isomonodromic Lax pairs are derived from the auxiliary linear problem
for the Toda lattice
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Non-Abelian sinh-Gordon equation and P3(1,—1,0,0)

A simplest constraint consistent with the Toda lattice (2) is

f2n:f7 f2n+1:_f7 P2n =D, p2n+1:p_l
I

fy=p=p"" pe=1Ip+pf (sinh-G)

(scalar equation: f = uz, p=e?" ~ uy, = e — e ),

The self-similar reduction corresponds to the scaling
f—ef, Op— €0y Oy— e 10,.
As usual, we include the conjugation by arbitrary constant a € A:

z==2zy, plz,y)=y"px)y " flz,y)=-2¢""f(z)y~ "
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The result is an analog of P3 with degenerate set of parameters (1, —1,0,0):

2f = %(p—p’l) —f—=la, fl, p'=fp+nf

For scalars, we have f = p’/(2p) and

/\2 / 2
-1
O A
P z z

)

but we cannot eliminate f in the non-Abelian case. This is possible for
another version [Kawakami, 2016]

2Q' =2QPQ +Q, zP' =-2PQP—-P+1—:Q?
(in our notation, it can be transformed to ... p’ = 2fp).

In this example, the Bicklund transformation n — n + 1 is trivial: f — —f,
-1
p—p -
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Non-Abelian analog of the Maxwell-Bloch system

fy=p—q pe=fo+pf—1 @=-fe—qf+v, prveC (3)J

¢ If p =v =0 then (pq), = [f,pq], that is, pg = 8(y) € C is a partial first
integral. We return to sinh-Gordon by setting pq = 1.

¢ The Maxwell-Bloch system with the pumping parameter ¢ reads
Ey,=p, pp=NE, 2N, =—p"E—pE*+2¢c, pEc€C, NeR
[Burtsev, Zakharov & Mikhailov, 1987]. For p, E € R, we have
E,=p, ps=NE, N,=-pE+c
which is related with the scalar system (3) by the change
2f =iF, 4dp=N+ip, 4q=N —ip, c=4u=—4v.

Self-similar reduction for this system is P3 [Winternitz, 1992; Burtsev, 1993;
Schief, 1994].
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¢ For the scalar system (3), the elimination of p and ¢ gives

Flowy = fofoy + 4L fy + (n+0) fo +2(v — p) f2
If v = p, this equation is consistent with the mKdV f; = fuze — 6% fs.

Thus, (3) is a non-Abelian analog of the real MB system, with additional
parameter v + p, and of the mKdV ‘negative’ flow, with additional parameter

v— .
What is the origin of the system (3)?

Theorem. The non-Abelian Toda lattice (2) is consistent with the constraint

fnfl + fn = ,U/nprr_117 n i =EN+ lo, €, U0 € C. (4)

Due to this constraint, f = f,, p = p, and ¢ = p,41 satisfy (3) with p = u,
and v = 41 for all n, and the shift n — n + 1 is equivalent to the Bicklund
transformation

p=aq d=p+vgleqt, f=—f+vel, f=v, D=—p+2v. (5)

v
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Proof. The system (3) and the map (5) are easily obtained from (2) and (4).
To prove the consistency, we have to check that this map preserves this
system, which is a direct calculation.

Alternatively, we notice that the constraint (4) turns the Toda lattice into a
pair of 1 + 1-dimensional equations: the dressing chain with zero parameters

fn,ac + fn-‘rl,ac = f’r’2L - f72L+1 (6)
and the non-autonomous Volterra-type lattice
fn,y :,un(fnfl'kfn)_l _Nn+1(fn+fn+1)_1 (7)

In this language, the consistency means that [0;,d,] = 0 which is also verified
directly. [ |

¢ Eq. (7) with € # 0 is the master-symmetry for eq. (7) with ¢ = 0.

¢ In the scalar case, the consistency of (6) and (7) was observed in
[Garifullin, Habibullin & Yamilov, 2015].
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Zero curvature representation

The Toda lattice is the compatibility condition for the linear equations

wn,z = ¢n+1 + fnw’m wn,y = Pn¥n-1

and the constraint (4) corresponds to the three-term recurrence relation

Vg2 = —(fn + far1)¥ni1 + (A + ey)Pn.

After some algebra, this brings to the following representations.

Theorem. The system (3) and its BT (5) are equivalent to equations

vV — [
Uy+TUA:Vz+[V,U],

W, = UW — WU, Wﬁ%m — VW — WV, 9)
where
_(f A ety {0 A
U<A S)ov=s(2 b)) Wy L)
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Self-similar reductions of (3)

The scaling group + conjugation by a € A
I
z=ay' f=y PRyt p=y T PRy a=y
4
(2f)' = 2p —2¢ + 2a, f],
P =fp+pf—u (10)
¢ =—fa—af +v.

The BT for (10):

2

z _ _ v _ vz _ _
—(fa ' +q 1f)—5q 1+7q *+va, ¢,

ﬁ:qv f:—f+yq_l7 /]/:Va D:_M+2V
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The representations (8) and (9) give, by standard procedure, the
isomonodromic Lax pair for the system (10) and its BT:

A= (* —v+p)Be + [B, A,
K'=BK — KB, (*—v+pkK:=AK - KA,
where

e sz—?(a—*%’j—k(ﬁ: 2z —2p
o %z —2q —Czf —2Ca+ (k)

_(f ¢ (0 ¢
B‘<< —f)’ K‘(c —wrl)’

k € C is an additional parameter and & = x + 1.

In order to identify the system (10) with P3, we have to lower its order.
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The case v = p and P3(«, 5,0, 6)

If v = p # 0 then (10) admits the invariant submanifold (partial first integral)

J(k) =2pq — u(zf —2a — k) = 0.
This follows from the identities (easy to check)

J =[f,J] and J(&)=qJ(k)g "
Under the additional constraint J = 0, we have
2q = up~ ' (2f — 20 — )
and the system (10) takes the form
{(Zf)’ =2 — ! (2f — 20— ) + 2a, f],

P =fp+pf—p

In the scalar case, elimination of f gives Pg

N2 / 1 5
o= P Ly gyt
p z < p
with parameters
a=4, B=plda—-1+2K), v=0, §=—p’

V.E. Adler Painlevé type reductions CQIS-2021 30 /31



The case v — = € # 0 and P3(«, 3,7, 9)

In this case the invariant submanifold is given by equation
J=2¢—ez+e(zf+2a—r)2p—ce2)  (2f —2a+k—2u/e —1) = 0.

It is quite difficult to see it immediately, but we can make use of the Lax

representation. At the point ¢ = €'/2 the matrix A satisfies the equations

A’ =[B,A] and AK = KA and it is easy to prove that its quasi-determinant
|Al12 = a12 — a11a§11a22

is a partial first integral, with respect to the continuous and the discrete
dynamics. The resulting system is

(2f) =2p — ez +2[a, f]
+e(zf4+2a—k)(2p —e2) N zf —2a+ K —2u/e — 1),
Y =fp+pf-p
In the scalar case, it is equivalent to P3 with a generic set of parameters,
under the change
2p(2p —€2)
2p' — 2kp + pz’
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